This paper introduces two new demographic parameters, the entropy and the reproductive potential of a population. The entropy of a population measures the variability of the contribution of the different age classes to the stationary age distribution. The reproductive potential measures the mean of the contribution of the different age classes to the growth rate. Using a relation between these measures and the Malthusian parameter, it is shown that in a random mating population in HardyWeinberg equilibrium, and under slow selection, the rate of change of entropy is equal to the genetic variance in entropy minus the genetic covariance of entropy and reproductive potential. This result is an analogue of Fisher's fundamental theorem of natural selection.
INTRODUCTION:
The Malthusian parameter reflects an important aspect of population growth, namely, the long-runi behavior of the population. This parameter does not com.-pletely determine the adaptive properties of a population, distinct populations may achieve identical growth rates with different life-history patterns. This paper introduces two new demographic concepts, entropy and reproductive potential. The entropy measures the variability in the contribution of different age classes to the stationary age distribution and the reproductive potential measures the mean of the contribution of the different age classes to the iMalthusian parameter. We show that in a random mating poopulation in Hardy-Weinberg equilibrium and under slow selection, the rate of change of entropy is equal to the genetic variance in entropy minus the genetic covariance of entropy and reproductive potential. When the reproductive potential of each genotype is zero, entropy is equal tc the Malthusian parameter and, as a corollary, we obtain Fisher's fundamental theorem of natural selection which states that in a random mating population in Hardy-Weinberg equilibrium and under slow selection, the rate of change of fitness is equal to the genetic variance in fitness. Fitness in this case is measured by the Malthusian parameter.
This paper is an application of some recent ideas in ergodic theory to population dynamics. Our sources are Billingsley
(1) and Spitzer (2) for ergodic theory, Keyfitz (3) for demographic models, and Crow and Kimura (4) for population genetics. An emphasis on the biological aspects of ideas treated in this paper will appear in ref. (5 2. We shall now consider the population as a system composed of a number in of interacting age classes. The ideas we now describe revolve around the studies of Ruelle (6) on the statistical mechanics of 6ne-dimensional lattice systems. Let S = {1,2... ,n}, Z the integers and let X = S'. Give S the discrete topology and X the product topology. X is a compact Hausdorff space. Let = {(Xk) e X: azX,Xxkl > Ofor all k E Zl.
The set Z is a closed subset of X and is compact. Consider the shift T: 2--2 defined by T{xk}I'_ = {X'k} Ic where X'k = Xk+l.
The shift T is a homeomorphism of 2. Let M denote the set of all T-invariant probability measures on 2. We shall interpret the space 2 as the configuration or phase space of the system. An element / E ill, is a state. For any state A E M, we consider the dynamical system (2, ,u, T). We now define the Kolmogorov entropy of the action T. We refer to (1) for details.
Let a = (A1,A2,...,A,) be a finite partition of 2 into measurable sets. The entropy of the partition at is defined by We shall call H/ the entropy H of the population and (P*, the reproductive potential P. We note that the free energy in the equilibrium state is precisely the Malthusian parameter or the intrinsic rate of increase of the population. The entropy H is a measure of the variability of the contribution of the different age classes to the stationary age distribution and the reproductive potential 4 is a measure of the mean of the contribution of the different age classes to the growth rate of the population. We have the identity loge X = H -c.
The expression 2"jl jpj is the generation time of the population.
The entropy H and reproductive potential t have continuous time analogues. S. We shall now consider a random mating population and assume an arbitrary number mn of alleles at a single locus. Let ljj(x) be the probability of survival of an AjAj individual from birth to age x, and let nijj(x) be the rate at which a member aged x, of the genotype AjAj, produce offspring. The entropy analogues are of the same form as above. Details will appear elsewhere.
